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Nomenclature

a = local body radius
amax = maximum body radius
a� = dimensionless body radius, a=amax

jCfj = skin-friction magnitude, j�wj=q
Cpc = crossflow pressure coefficient, �p � p1�=qsin2�
H = Heaviside unit step function
l = body length
p = pressure
q = freestream dynamic pressure, ��U2�=2
Re = Reynolds number based on body length, ��Ul�=�
t = time
t� = dimensionless time, �tv�=a
U = freestream velocity magnitude
u, v = longitudinal and lateral freestream velocity components
� = angle of incidence
� = angular position of separation point measured from the

windward side
�o = initial angle of separation
�1 = equilibrium angle of separation
�� = normalized separation point, �� � �1�=��o � �1�
� = longitudinal distance aft from the nose
� = dynamic viscosity
� = fluid density

I. Introduction

W HEN a slender body of revolution translates at moderate
incidence (5 deg � � � 30 deg), adverse pressure gradients

due to the crossflow cause the boundary layer to separate on the
leeside and produce two shear layers that roll up to form symmetric
vortices of opposite rotation [1,2]. The flow separation results in
significant aerodynamic forces andmoments that depend strongly on
incidence. Although these bodies have relatively simple geometry,
they have been historically difficult tomodel, because they lack sharp
edges that fix the separation lines. The present work extends the

separation-line model of Schindel [3], developed for missiles, to
bodies of varying cross-sectional area, allowing one to predict the
separation line along the tapered tail.

The qualitative nature of separation around three-dimensional
bodies immersed in a flow and its relationship to lines of skin friction
and the surface vorticity has been described by Lighthill [4].
Separation on slender bodies of revolution, in particular, has been
extensively investigated [5–11]. Yates and Chapman [5] qualita-
tively examined the related separation kinematics and characterized
the topology as open, because the resulting separation line has a free
endpoint on the surface. They concluded that crossflow separation
does not originate from a unique singularity on the body surface, as is
the case for many types of separation. Instead, all surface streamlines
originate from the stagnation point on the nose. Simpson [6]
investigated the qualitative traits of crossflow separation on slender
bodies of revolution and concluded that the most important side
effect of separation, and thus its defining trait, is the breakdown of the
normal boundary-layer flow, resulting in a significant departure of
fluid away from the body surface. Since no fluid can pass through
this departed sheet of fluid, streamlines on either side of a separation
converge asymptotically toward the separation line. Wetzel and
Simpson [7] extended this work and developed methods for
quantitatively identifying separation lines on a prolate spheroid.
They compared several measurement techniques for determining the
separation location (including converging skin-friction lines,
maximum normal wall-normal velocity, skin-friction magnitude
minima, and changes in surface pressure) and concluded, for
practical purposes, that flow separation from axisymmetric bodies at
moderate incidence is located near minimums in wall shear stress
magnitude in each cross-sectional plane [7]. This is the method that
will be used directly in the following to locate the primary separation
lines from computational data. For experimental studies to which we
refer, a combination of oil streaklines on the surface and surface
heat transfer rates have been used to infer the location of separation
lines.

II. Model Geometries

The database used for the current study included four slender
bodies of revolution all having a round nose and tapered tail. In
particular these were: the Defence Research and Development
Canada (DRDC) Static-Test-Rig (STR) hullform [12], the Defence
Advanced Research Projects Agency (DARPA) SUBOFF model
5470 hullform [13], the U.S. Naval Surface Warfare Center
CarderockDivision Series-58Model 4621 hullform [14], and the 6:1
spheroid. These bodies were chosen primarily because experimental
measurements and/or computational predictions of separation lines
as a function of incidence existed in the open literature. Profiles of
each geometry are shown in Fig. 1, with the body radius and longitu-
dinal distance from the nose normalized by body length.

III. Experimental and Computational Database

A. Experimental Database

All of the profiles shown in Fig. 1 have been previously studied
experimentally; however, flow visualization and/or measurements of
the separation location are only available for the DRDC STR and 6:1
spheroid geometries.

1. DRDC STR

In 1988, wind-tunnel tests were performed on the DRDC STR
geometry in a 9 m wind tunnel at the National Research Council of
Canada Institute for Aerospace Research at Reynolds numbers up to
23 � 106 and incidence up to 30 [12]. A 1=10th-scale model was
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used and turbulent boundary-layer transition tripswere located 3%of
the hull length from the nose for all tests. For a limited number of tests
skin-friction lines were made visible by applying an oil and titanium
dioxide mixture to the surface of the body. Lines of convergence

indicate regions of boundary-layer separation and lines of divergence
indicate reattachment regions. Experimental skin-friction lines at
Re� 23 � 106 and �� 20 deg are shown in Fig. 2a and an estimate
of the primary separation-line location based on visual inspection of
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Fig. 1 Profiles of the slender bodies of revolution investigated.
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Fig. 2 DRDC STR hull at Re� 23 � 106 and �� 20deg: a) oil surface streaklines and b) estimate of the separation-line location based on visual

inspection of the oil streaks.
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the oil streaks is shown in Fig. 2b. The uncertainty of the visual
inspection procedure was estimated to be �� ��5 deg.

2. 6:1 Spheroid

Between 1992 and 1998, Ahn and Simpson [8], Chesnakas and
Simpson [9], and Wetzel and Simpson [7] completed wind-tunnel
tests on a 6:1 ellipsoid at the Virginia Polytechnic Institute and State
University at Reynolds numbers up to 4:2 � 106 and incident angles
up to 30 deg. For all studies turbulent boundary-layer transition trips
were located 20% of the hull length from the nose. Skin-friction lines
were made visible by applying an oil-based mixture to the body
surface, laser Doppler velocimetry was used to accurately measure
near-wall velocity components, and surface-mounted hot-film
sensors were used to estimate local skin friction. A subset of their

results showing separation lines based on oil visualization and skin-
friction magnitude minima are reproduced in Fig. 3. In general, oil
visualization indicates separation windward of the skin-friction
minima by approximately 10–15 deg at both �� 10 and 20 deg.

B. Computational Database

The computational fluid dynamics (CFD) database consists of
predictions from verified and validated Reynolds-averaged Navier–
Stokes (RANS) simulations on the DRDC STR, Series-58 Model
4621, and DARPA SUBOFF geometries using ANSYS CFX, a
commercially available solver (see [10,11] for details). The primary
means of validation was comparison of overall forces and moments
with experiment [12,14–17], as presented in detail in [10]. The
RANS simulations were found to bewithin experimental uncertainty
for the DRDC STR geometry for � < 25 deg. Simulations were
completed at model scale, and incidence angles up to 30 deg using a
scripted hybrid meshing algorithm that adapted the structured grid to
the wake (see [18–20] for details). Several turbulence models were
investigated and the best agreement with experimental data was
obtained with the Reynolds stress model [21].

The CFD predictions provide a high level of flow detail that is
difficult to obtain from experiment. This includes complete surface
pressure and skin-friction distributions. The topology of the leeside
skin-friction lines for the DRDC STR geometry at Re� 23 � 106

and �� 30 deg from the RANS predictions is shown in Fig. 4.
Regions of primary and secondary separation and reattachment are
identified by convergence and divergence of skin-friction lines. The
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Fig. 3 Separation linesmeasured on a 6:1 spheroid atRe� 4:2 � 106 using oil visualization and skin-frictionmagnitudeminima. Reproduced from [7].

Fig. 4 RANS predictions of surface shear stress lines for the DRDC

STR geometry at Re� 23 � 106 and �� 30deg.
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topology of the skin-friction lines are visibly similar to those
previously shown in Fig. 2a.

Corresponding circumferential skin-friction distributions at con-
stant axial locations are plotted in Fig. 5a, where jCfj is the magni-
tude of wall shear stress, normalized by the freestream dynamic
pressure. These distributions allow one to accurately determine the
circumferential location of local minima in skin friction. At
�=l� 0:10, jCfj has no minimum; therefore, it is inferred the flow
remains attached in this region. At �=l� 0:20, a local minimum is
visible at �� 139 deg, indicating the flow has separated. A primary
minimum that continually migrates windward is evident in all the
remaining jCfj distributions. For all the distributions where �=l>
0:20, a secondary minimum occurs between �� 145–150 deg,
indicating a secondary separation.

Circumferential surface pressure distributions are plotted in
Fig. 5b, with the crossflow pressure coefficientCpc normalized using
the crossflow speedU sin��� (making values greater than 1 possible).
Most notable is that for each distribution the maximum suction
(minimumCpc) continually diminishes andmigrateswindward as the
flow progresses along the body.

Using the criterion of Wetzel and Simpson [7], skin-friction
magnitude minima of the RANS predictions were used to determine
primary flow-separation lines. Results are plotted in Fig. 6 for the
DRDC STR geometry at Re� 23 � 106 and �� 10 deg, 15, 20, 25
and 30 deg, the Series-58 Model 4621 geometry at Re� 11:7 � 106

and �� 6 deg, 12, and 18 deg, and the DARPA SUBOFF geometry
at Re� 14 � 106 and �� 8 deg and 12 deg. The uncertainty in the
local skin-friction minimum is �� ��1 deg based on the resolution
of the computational grid. It is clear in Fig. 6 that the primary

separation is body profile-dependent, and that, at a given axial
position, separation occurs earlier as incidence is increased. Once the
flow has separated, the separation line migrates continuously
windwardwith the rate of migration increasing along the tapered tail.

To show the relationship between the line of primary flow
separation and the line of minimum pressure, the latter is also plotted
in Fig. 6a based onRANS predictions of the DRDCSTRgeometry at
Re� 23 � 106 and �� 30 deg. The minimum-pressure line has the
same general trend as the line of separation, but is windward of the
separation point at all axial positions. Initially, the point of minimum
pressure is approximately 55 deg windward of the separation point,
with this difference decreasing to approximately 37 deg by
�=l� 0:35, which is similar to observations for a supercritical flow
over a cylinder. Along the remainder of the body the difference
between the separation and minimum-pressure lines remains
relatively constant with values between 37 and 32 deg.

IV. Separation-Line Model

The present separation-line model is based on an analogy between
transient crossflow over two-dimensional circular cylinders and
separated flow over slender bodies of revolution at incidence (see
[22]). This analogy transforms time t for the transient problem to
axial position � along the body of revolution at incidence according
to

t� �

U cos��� (1)
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or in dimensionless form as

t� � tv
a
� �
a
tan��� (2)

where U cos��� is the longitudinal component of the freestream
velocity, v�U sin��� is the crossflow velocity, and a is body radius
[23]. Schindel [3] noted that for two-dimensional impulsively started
cylinders the separation angle exponentially approached its equilib-
rium value in time, and based on this observation, together with the
above analogy, he developed an expression for the separation line
along slender bodies with a conical nose and constant-diameter
midbody (i.e., missile-shaped bodies).

Here, we extend Schindel’s [3] model for slender bodies of
revolutionwith tapered tails by including the effect of a varying-body
radius. Noting that along the tapered tail the separation line moves
windward in concert with the minimum-pressure location, which
depends on da=dx, we propose that the separation line can be
modeled according to

d��

dt�
	 �h�� � �p

da�

dt�
H�t� � t�sep� (3)

where �� is the dimensionless separation angle defined as
�� � �� � �1�=��o � �1�, �1 is the steady-state separation angle,
and �o is arbitrarily chosen to be �o � 180 deg. The unit function
H�t� � t�sep� is zero for t� < t�sep and unity for t� 
 t�sep, where t�sep
corresponds to the first appearance of separation on the body. The
left-hand-side of Eq. (3) is equivalent to the original model proposed
by Schindel [3] and simply states that for a constant body radius the

local separation angle approaches the steady-state value, �1, at an
exponential rate determined by the constant �h. This steady-state
separation angle was taken equal to the separation angle for
supercritical flow over cylinders. The profile-dependent term on the
right-hand-side of Eq. (3), introduced by the present authors, is taken
proportional to the rate of change of body radius as �pda

�=dt�, where
in this context a� � a=amax, t

� � tv=amax, and �p is an empirically
determined constant. Note that the choice of amax plays no direct
role in the determination of �, because da�=dt� reduces to
�da=dx�cotan���.

Integrating Eq. (3) from the first point at which separation is
observed, t�sep, aft to any position t� > t�sep gives

�� � ��sepe�ht
�
sepe��ht

� 	 e��ht�
Z
t�

t�sep

e�h�
�
�p

da�

d��
d�� (4)

It will be assumed as an additional hypothesis that ��sepe
�ht
�
sep � 1,

which effectively requires that separation always originates along the
exponential line extending from �� 180 deg at t� � 0 to �� �1 at
t� ! 1.

V. Results and Discussion

A. Fitting the Empirical Constants

To test the hypotheses proposed in Sec. IV, the separation lines in
Figs. 6 are repeated in Fig. 7 with t� as the abscissa. An important
feature of this figure is the complete collapse of both the DRDC STR
and DARPA SUBOFF data along the constant-diameter midbody
region for all angles of incidence. For these geometries the flow does
not separate until the constant-diameter midbody region is reached,
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abscissa is dimensionless time measured in a frame moving at the longitudinal component of freestream velocity.
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and a significant portion is therefore represented by the homogenous
part of Eq. (4), as indicated by the dashed line. These data were used
to empirically determine �1 and �h, with the best fit achieved with
�1 � 112 deg and �h � 0:5. Schindel [3] estimated that �h � 0:7,
and according to Panton [24] the steady separation angle for
supercritical two-dimensional flow over cylinders is �1 � 115 deg.
Consistent with ��sepe

�ht
�
sep � 1, separation originates along the

dashed line for � 
 15 deg.
The solution for �� along the tail was determined for each geom-

etry by numerically integrating the particular component of Eq. (4)
for each profile and adding it to the homogenous part, e��ht

�
. Using

the result from the DRDC STR data �p was empirically fitted as
�p � 0:809, and this value was used for all other geometries.

B. Comparison of Model Predictions to Computational and
Experimental Data

Separation lines predicted by Eq. (4) are shown for the DRDC
STR, Series-58 Model 4621, DARPA SUBOFF, and 6:1 spheroid
geometries in Figs. 7 and 8. For all geometries and at all incidence
angles, the model predictions are in excellent agreement with the
RANS and experimental data along the tapered tails. In addition, the
model correctly predicts that along the nose of the Series-58 Model
4621 at �� 12 and 18 deg, and the 6:1 spheroid data at �� 20 deg
the separation line is leeward of the dashed line due to the increasing
body radius. These results are consistent with the underlying
assumption of the model that the separation lines along the tail of
axisymmetric slender bodies in translation at incidence are locally
determined and primarily driven by �da=dx�cotan���. Thus, the
primary separation line is strongly dependent on the outerflowand its
pressure field.

An exception to the agreement cited above is the constant
temperature hot-film data for the 6:1 spheroid at �� 20 deg and
t� < 2:0 that is shown in Fig. 8b. These data have the lowest
Reynolds number of the study and possibly include transitional
effects and are therefore more complex than the simple model
presented in this Note will allow, but it is worth noting that the
constant current hot-film data and oil data, allowing for a 10 deg
offset, agree quantitatively with the model.

C. Dependence of Model Predictions on t
�
sep

The only empirical parameter of the model that was found to vary
between data sets was t�sep. Physically, t

�
sep is the nondimensional

axial distance from the nose where flow separation first occurs,
which, as noted by Yates and Chapman [5], is very difficult to
determine. In general, onewould expect t�sep to depend on nose shape,
Reynolds number (where Re < 2:5 � 106�8, wind-tunnel turbulence
levels, trip locations, surface roughness, and other experimental

features. However, as can be seen fromFigs. 7 and 8, a single value of
t�sep for each geometry worked well indicating that it is relatively
insensitive to incidence. Empirically determined values of t�sep
summarized in Table 1 for each geometry studied show a range of:
0:72 � t�sep � 1:0. Note that setting t�sep sets ��sep through the

constraint ��sepe
�ht
�
sep � 1.

In the interests of applying the present model to other geometries
where t�sep is not known a priori we make the following recommen-
dations. For geometries with rounded noses and constant midbodies,
such as theDRDCSTR andDARPASUBOFF, a reasonable estimate
of t�sep is the value corresponding to the start of the midbody. This
works reasonably well, because separation is inhibited by the rapid
expansion of the nose at least until da�=d�� is sufficiently small that
the second term in Eq. (4) is no longer significant. Evidence of this is
given in Fig. 7, which shows that the CFD data agrees with the
homogenous solution until the start of the tail for both the DRDC
STR and DARPA SUBOFF geometries. For bodies with gradual
spheroidal-shaped noses, such as the Series-58 Model 4621 and
ellipsoids of varying slenderness, estimating an appropriate value for
t�sep is more difficult, because separation will typically appear before
the point of maximum thickness. Figure 9 illustrates the dependence
of the separation-linemodel on t�sep in the case of the Series-58Model
4621 at �� 12 deg. Choosing t�sep � 0:5 results in overpredicting �
along much of the body, while choosing t�sep � 1:25 (the point of
maximum thickness) results in underpredicting � along much of the
body. A mitigating factor to this uncertainty is that the influence of
t�sep decays along the body so that the separation line along the tail
reasonably well for each of these choices.

D. Limits of Applicability

The model developed here is applicable to fully turbulent flows
with symmetric steadywakes. Its application is therefore restricted to
highReynolds numbers,Re > 107, andmoderate angles of incidence
and slenderness. Ericsson and Reding [2] surveyed the literature on
high-incidence missile aerodynamics and concluded that leeside
vortices become asymmetric at incidence angles between�� 25 and
35 deg and unsteady at incidence angles between �� 60 and 70 deg.
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Fig. 8 Comparison of modeled and experimentally predicted lines of primary flow separation for the 6:1 spheroid at Re� 4:2 � 106. The abscissa is

dimensionless time measured in a frame moving at the longitudinal component of freestream velocity.

Table 1 Values of t�sep used to model separation lines

shown in Figs. 7 and 8.

Geometry t�sep ��sep

DRDC STR 1.0 0.607
Series-58 Model 4621 0.72 0.698
DARPA SUBOFF 0.75 0.687

6:1 Spheroid 1.0 0.607
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They present the following empirical formula for determining the
maximum angle of incidence for a steady symmetric wake:
� � 8:4amax=l.

VI. Conclusions

A separation-line model for slender bodies of revolution with
tapered tails in translation at moderate incidence and high Reynolds
number was presented. The model is an extension of the previous
work of Schindel [3] for missile-shaped bodies. It was found that the
rate ofwindwardmovement of the separation line is dependent on the
rate of change of the body radius. Modeled separation lines for four
slender axisymmetric bodies with tapered tails are compared to CFD
predictions and experimental measurement for incidence angles
ranging from 6 to 30 deg and Reynolds numbers ranging from 4.2 to
23 � 106 with good agreement.
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